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Laplace Transform

dIntegral transform method
U Pierre Simon Laplace 1749-1827

dMathematically represented by the following
Improper integral

F(s) = /O F(t)e~™dt, s € ©

JA linear operator

dinput: Time varying function, i.e., a function ff) with a
real argument £ (t= 0)

dOutput: F(s) with complex argument s
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Laplace Transform -

Key Benefits and Utilizations

3 Solve linear Ordinary Differential Equations
(ODESs) using simple algebraic techniques

d Obtain concise and useful input/output
relationships (Transfer Functions) for systems

dWidely used in Control System and Analog Circuit
Design
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Laplace Transform - Example

L (— + 4y(t)) s = Lx(t)s Taking Laplace Transform on Both sides

5 Using the Laplace of a
s“(Ly(t)s) + 4(Ly(t)s) = (Lx(t)s) differential and the Linearity of

Laplace Properties

Transfer Function

let x(t) = sin(2t), then Lz(t)(s) =

Laplace of sine

s2+4
r (t) 2 Inverse Laplace 1 t
S = — _ g — _
Y (52 + 4)2 > y(t) 88m(2t) 4608(2t)

Solution in time domain
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Real-World Applications for

L aplace Transforms

dIntegral part of analyzing many physical systems
U Aerodynamic systems
L Circuit Analysis
L Control systems
dMechanical networks
L Analogue filters
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Laplace Transform based Analysis
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Proposed Approach for Verifying

Transfer Functions

Differential Transfer
Equation Function
Higher-order Logic
L 4
Formalized
Definition of Formal Model
Laplace Transform
HOL-Light _
Multivariable N Supporting Theor_ems v
Calculus (Integral Comparison | I
Theories - Test etc)
l v § Theorems
Formally Verified Properties
of Laplace Transform I
| r
v b | v v |

HOL-Light Theorem Prover
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Formal Definition of Laplace

Transform

1 Mathematical definition
— /OO f(tye ®'dt, s € C = lim /)]‘ t)e *tdt

b— o0

Given f is piecewise smooth and is of exponential order i.e. there exist constants
a € R and 0 < M such that |f(t)] < Me* for all t > 0

Definition : Laplace Transform
- V s f. laplace f s =
lim at_posinfinity (Ab. integral (interval [1ift(&0),lift(b)])
(At. cexp (-(s * Cx(drop t))) * £ t))

Definition : Conditions for Laplace Existence

- V s f. laplace_exists f s &

(V b. f piecewise differentiable on interval [lift (&0),lift b])
A (3 Ma. Re s > drop a A exp-order f M a)
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Formalized Laplace Transform

Properties

Property Mathematical Form

Limit Existence 1. [ ft)e **dt =1

Linearity L (ozf(t) + ﬁg(t))s = a(Lf(t)s) + B(Lyg(t)s)
Frequency Shifting |£ (ebt f(t))s — L f(t)(s — b)

Property

Formalized Form

Limit Existence

-V fs. laplaceexists f s =
(41. ((Xb. integral (interval [lift (&0),lift b])
(At. cexp (-(s * Cx (drop t))) * £ t)) — 1) at_posinfinity)

Linearity -V fgsab. laplaceexists f s A laplaceexists g s =

laplace (A\x. a x £ x +b * gx) s =a * laplace f s +b * laplace g s
Frequency -V fsb. laplaceexists f s =
Shifting laplace (At. cexp (b * Cx (drop t)) * f t) s = laplace f (s - b)

O. Hasan Formalization of Laplace Transform using HOL-Light




Formalized Laplace Transform

Properties

Property Mathematical Form
Integration L( [y f(r)dr)s = L(Lf(t)s)
n-order Differentiation E(dzgﬁt) )s = s™(Lf(t)s) — > p_, 8! %

Property

Formalized Form

Integration

-V fs. (40 < Re s) A laplace_exists f s A
laplace_exists (Ax. integral (interval [lift (&0),x]) f) s A
(Vx. f continuous_on interval [lift (&O0),x]) =
laplace (Ax. integral (interval [1ift (&0),x]) f) s =
inv(s) * laplace f s

Higher Order
Differentiation

=V f s n. laplace_exists_higher_derivative n f s A
(Vx. higher derivative_differentiable n f x) =
laplace (Ax. higher_order_derivative n f x) s =
s pow n * laplace f s - vsum (1..n) (Ax. s pow (x-1) x

higher_order_derivative (n-x) f (lift (&0)))

= 5000 lines of HOL-Light code and approximately 800 man-hours
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Case Study: Linear Transfer

Converter (LTC) circuit

d Converts the voltage and current levels in power
electronics systems

d Functional correctness of power systems
depends on design and stability of LTC

Differential Equation: nn
d2y_2dy+1 _d2u_1u \ L
a2 RCdt  Lc? T a2 T LC C I+
C) u(t) R s y(t)
Transfer Function: ¢
Y(S> B 5% — % / m

U(s)_SQ—%+% L
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Linear Transfer Converter (LTC)

circult

d?y 2 dy N 1 d*u 1
dt2  RCdt LC7

Differential Equation:

Definition : Differential Equation of LTC

- VyuxLCR. diff eqLlTCyuxL CR &

diff eq 2 [ Cx (&1 / L *x C); -—Cx (&2 / R * C); Cx (&1)] y x =
diff eq 2 [ --Cx (&1 / L * C ); Cx (&0); Cx (&1)] u x

Definition : Differential Equation

—VnLfx. diffeqnl f x &
vsum (0..n) (At. EL t L x * higher order_derivative t f x)

O. Hasan Formalization of Laplace Transform using HOL-Light



Linear Transfer Converter (LTC)

Theorem : Transfer Function of LTC
FVyusRLC. (0 < R) A (80 < L) A (&0 < C) A
(zero_initial conditions 1 u) A ( zero-initial conditions 1 y) A
(Vx. higher derivative differentiable 2 y x) A
(Vx. higher derivative differentiable 2 u x) A
(higher derivative_laplace_exists 2 y s) A
(higher derivative_laplace exists 2 u s) A
~((Cx(&1/(L*C)) - Cx(&2/(R*C))*s) + s pow 2 = Cx(&0) )A
~(laplace u s = Cx(&0)) A (Vt. diff eqLTC y u t L CR) =
(laplace y s / laplace u s =
(s pow 2 - Cx(&1/(L*C))) / ((Cx(&1/(L*C)) -
Cx(&2/(R*C))*s) + s pow 2))

650 lines of HOL-Light code and the proof process took
just a couple of hours
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Conclusions

d Formalization of Laplace transform theory using
higher-order logic
L Multivariable Calculus Theory of HOL-Light

JAdvantages
L Accurate Results

L Reduction in user-effort while formally analyzing
Physical Systems that involve Differential Equations

d Case Study: Transfer function verification of LTC
circuit
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Future Directions

d Application of Laplace transform theory in
Analog and Mixed Signal circuits and controls
engineering

d Formalization of Inverse Laplace transform

d Formalization of Fourier transform
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Thanks!

JFor More Information

Visit our website
= http://save.seecs.nust.edu.pk

L Contact
» osman.hasan@seecs.nust.edu.pk
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Additional slides
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Formalized Laplace Transform

Definition 3: Exponential Order Function

-V fMa. exporder f Ma & & < M A
(V t. &0 < t = norm (f (lift t)) < M * exp (drop a * t))
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Laplace Transform

JProvides compact representation of the overall
behavior of the given time varying function

Ajw

Unit Circle

Poles

\ /
AT X
/\ /\ Laplace
> < >
\/ \/ \/ t  Transformation & (>£
v
Sinusoidal Function s-plane

(s=angular frequency)

s-plane representation depicts frequency and phase
of sinusoidal signal
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HOL-Light

 Multivariable calculus theories
UlIntegral theory
Differential theory
U Transcendental theory
U Topological theory
U Complex analysis theory

JReal number theory

d Natural number theory
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Limit Existence of Laplace

Transform
J Proof Steps

Split the complex integrand into ii * integral

real and imaginary parts

(\t. Cx

(At. Cx

Re

J1.( (\b. integral (interval [1ift (&0),lift b])

(cexp (-(s * Cx (drop t))) * £ t))) +

T

Im

terval [lift (&0),1ift Db])
(cexp (-(s * Cx (drop t))) * £ t)))) — 1)

at_posinrinity

to their corresponding real
integral and split the complex
\_limit to both integrals

e : )
Convert both complex integrals . (Ob.

laplace_exists f s =

real_integral |(real_interval [&0,b])

(Ax. abs (Re (cexp (-s * Cx (x)) * £(1lift x))))) — k)
at_posinfinity

J

Lemma 3: Comparison Test for Improper

Using fd
compari

Integrals

convergi- vV f L1 L2.

Inour ((At.
(f — fkomplex

Lemma 2: Limit of a Complex-Valued Function mplex Integral [

((At. (f t)) = L1) at_posinfinity A
(f t)) = L2) at_posinfinity =

fx<gzx) A

wal [&0,t]) =) A
g)= k)

L,bl) ) = k)

(L1,L2)) at_posinfinity |
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